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Ocean-Wave Record Analysis - Ordinate Distribution and Wave Heights

ABSTRACT

The methods of analysing oceen wave records into ordinates and into waves
are ompared. It is suggested that suitable wave spectra will permit many
of the numerioal results of one proocedure to be obtained from the other.

The Hayleigh distribution ie introdused as that of the envelope of a
Gaussian random proocess, whioh approximates the peaks and troughs of the
prooess ourve in the oase of narrow-band speotra. This distridbution is
shown. to resemble wave-height distridbutions olosely in regard to shape,
dependence on & single parameter, and values of various parameter ratios,
The single parameter may be interpreted as the dispersion (r.m.s. deviation)
of the ordinate disiribution, or the total power in the wave spectrum.

The ordinates of twenty-one time histories analyzed on the Wave-Ordinate
Distridbution Analyser are found to follow the Gaussian distribution olosely
enough to permit ready graphioal estimation of the ordinate dispersion,

The msan wave height is found to be olosely proportional to the latter
quantity, the propartionality factor being about 16% less than that for

the mean envelope height. The socatter around the straight line of pro-
portionality is small enough to indicate that measurement of mean wave
height may for many purposes be replased by measwrement of wave-ordinate
dispersion, whioh is more suited to analog oomputation.

The present data are used to illustrate simplified wave-~ordinate distri-
bution analyses ylelding reasonably scourate estimates of ordinate dispersion
and, hence, mean wave height. There is suggeated an ocoean-wave measurement
rrogram based on these results designed to provide a nearly-oontinuous flow
of ismedie o wave-height information over a reoording period extending over
several seasons,

ls Introduwotion

Viswl observation of the surface of the cea has in many ocases led to
its anslysis into a series of orests and troughs. For a mildly irregular
sea recorded at a point, such featwres appear on a time history of the
surface or of the subsurface pressure as well-defined prominences and de-
pressions on & contimiouvs surve., The more regular the fluwtuation, the
more nearly is this type of decoription adequate, and in the limiting ocase
of perfect regularity, knowledge of the height of any one wave and the period
between any two suoccessive wave orests is suffioient to charaoterize the re-
sulting sinusoidal wave. The more irregular the time history, on the other
hand, the less camplete will be the information sontained in the results of
an enumeration of “wave heights"™ and "wave periods®. In faot, it haz been
found that for typioal resords of ocean swell the entire statistiosl distri-
bution of estimated surfuoe wave heights over a twenty-minute interwval
yields essentially only one number for ocharaoterising the wave record.

In viow of the disoussion below, this may De taken as evidenoe that such
wWave systems have speotra with frequeacy bandwidths whioch are narrow
relative to the central frequenoy of the band, It is reasonsdble, of
aourse, to assume that the speotra of wave records having similar geo-
phwaianl avicsins have impertant ocamacn features charsoterisiig their shape.
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2.

Buoh theories sugzest that oertain statistical informstion about wave
heights and periods may eventually contributs substartially to an ade-
quate desorirtion of the state of the sea,

Howsver, until more 1s lsarned about the form of typical ocean-wave spsotra,
it iz natura]l to direot attention to the continuous aspeots of the weve-
record owrve, rather than to its isorete wave-by-wave charaoteristios,

The conoept of s Fourisr spectrum 5)* then beoames available, together with
the results of other lineer operations performable on the ordinates of the
time-history funotion, scme of whioh may be conveniently arrived at by
enalog oamputation.

The purpose of the present repcrt is to present sertain experimsntel results
which r¢late the ordinate-wise and wave-wise approaohes to the analysis of
oocean-wave reoords for generel wave=heignt. These relations, whiobh may in
part be deduced from oertain assumptions of randomness and speotral narrow=-
ness, appear to be of intersst both as explenations of previouszly-.ncwi wave-
height phénomena and as possible means for the indirect measurement «f wave
heightse.

2. Narrow=-spectrum Theory of Wave Heights

If an observed ocean-wave time history £(t), measured about its mean value,

be regarded as a sample from & stationary ergodic random process, the con- (14)
oept of an associated envelope process may be defined. ihis has been done

by introdusing the oonjugate prooess £*(t), whioh may be thought of as being
obtained from £(t) By shifting eash of the angles in its apectrm%through /2
radians. The envelope, defined by R(t) = i[f\i:)] 2 & [f*(t)]z} , wWill be a
random prooess, the ordinates cn the graph of whioh will follow some proba-
bility diatribution whose nature depsnds upon the distribution of both the
ordinates and the spestral energy of the original process f(t). It may be
noted that R(t) 2 £(t). For the limiting oase in whioh £(t) = & zia w %,

we have f¢(t) = & cos w t, and the envelope has the constant value given by
R(t) =|sp Por sufficiently narrow-band speotra, R(t) and {R(t)] 2 may be
obtained in prinoiple as the elsotronioally-fiitered outputz of ideal linear
or square=-law deteotors.

The envelope ourve as hers defined may be ahown(n) to possess the property
intuitively expected of it - namely, that it pess near the extrems points

on the originnl ourve - provided the relative bandwidth of the spsotrum of
the latter is small, It is thus not unrsasonable, in view of the appearanoe
of ocoean swell reocords, to expeot the distribution of the wave heights on the
original ourve to show scme agreement with the distribution of the ordinates
of itc anvelope.

" "Bge list of referemces at end of report.
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Certain ?usmpi:iom oa the nature of the wave-record apeoirum have been
shoma(8)(21) to lead to & definite type of ordinate distribution for the
envelope ourve R(t). The assumption chosen hers, whioh is in part, at
least, directly verifiable, is that evgr sscd by the oondition thet f(%)
be a Gaussian random proocess(Z)s (20), ( 1?- This assumption has the
special oonasquense that the ordinates of the original ourve have a one-
dimsnsional Gaussisn distribution. That is, for sny y and for dy > 0,
the %roESIHF that y< 2(%) = y.+ s given by 1 /(27 2)% exp
(=y2/¢2 c-oz)j" dy, whare o ,2 = [£(t)] ¢, the bar dencting the cperation
of averaging. A further consequenoe of the Gaussian hypothesis for a
stationary ergodic random process is that, in a statistiocal semse, f£{t) asnd
R(t) are desoribed oompietely by the unnormslized ocorrelation function(14)
X(T) =« £(t)I(t +T )e It may be noted that ¥ {s) = 0,2, a faot whioh
might be utilized for indireoct measuremsnt of the oorrelation funotion,

Under these assumptions it may be shown that the ordinates of the envelope
follow a Rayleigh distribution. That is, for any r 2 o and any dr > o

the probabllITy that r < R(E)<r + dr is just (1/Co2)rexp '1'3/(2 c‘oz)j ér,
while the provability that R(t) > r is given by

oxp E -rz/(z G'oz) J eee (1)

It will be seen that bot% Rayleigh and Gaussian distributions depend on
the single parsmeter T,“. The positive quantity o, the standard devi-
ation, is a measure of the dispersion of the ordinates to the wave-reoord
oizve taken about their mean velue {assumed here to be zero). Physioally,
for purposes of meagurement it may be interpreted as the rcot-mean-square
value of the time-history funotion measured, again, from its mean., Its
square, a'oz. may be interpreted as the average total power (energy per
wit time) for the wave speotrum of long-orested linear wave theory.

The paramster of these distritutions is direotly related to the mean valwe
22d dispersion of the envelope distribution. It may bs shown that the
latter parsmsters are respeotively

Lip = T, ("T/z)% = 1,263 T, ese (2)
and

Tp =0 [ (&) 7] = 0u665 o, s (3)
their ratio, ocalled the relative dispersion, being

C\'B/ MR = [(4 ‘ﬂ)ﬁr]‘k = 0,523, eee (4)

Fother, a nes,su.se related to distribution asymmetry, or skewnese, previ=-
cusly applied(13) to wave-height dieiributions, is found to have the value
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= 40463 for the Rayleigh distribution. Finally, the mean, R]_/5, of
the highe- t ons=-third of the envelope ordinates is given by

Rifs = O {(1:1 o)k + 3 [(zw)% = S(ln oyt exp (~t2/2) dt ]}

see (D)
n 2002 d'o .’.’NR +* 101430‘R = Je597 ,M R

For an illustration of the way in whioh the Rayleigh distribution assigns
different probabilities to different vertioal intervels on the wave=rscord
cheart, one may refer tc Figure 1, where the straight lines represent Rayleigh
diatributwne. The horiszontsl scale has been 1aid off in socordance with (1),
so that on a straight line through the origin a point with ordinate r has as
sbacisse the probability that R(t)< r, i.e. the peroent of the time The env-
olope ourve is no higher than r. The mean envelope height Mz is then the
intercept out off by the vertical line erected at the 54.4% level (denoted
by the caption ®"Mean™ on Figure l.) The standard deviation of the envelcpe
is given by the difference between the intercepts of the line in question

by the two linss labelled "Mean + Dispersion" {(ereoted at the 83.8% level)
and "Mean®, The standard dsviation of the ordinates on the or.sgina." w%ve
record having the given envelope distribution would be Gy = Mg{2/rT)

The lines on the figure correspond to various given velues of g ., the

units being the same as those for the envolope crdinate R(t). 12’56 seen,
for instance, that when T, = 2,0 unite we have 95.6% of the envelope
ordinates below 10.G units and 98,9% below 12.0 units, so that 3.3% of

the envelope ordinates are betwsen 10,0 and 12,0 units,

The interoept cut off by the line erected at 86.5%, labelled "Ry ¥ in

Figure 1, is equal to the mean of the highest one~third of the envelops
ordinates. .

3« Empirioal Resulte on Estimated Surfaoes Wavs Heights

Previous work(la)'(ls) has led to results on the distributions of wave
heights for ocean swell in shoaling water. These heights were measured
from trough to orest on twenty-five twenty-minute subsurface pressure
rsoords and then modified in an attempt to estimate surfacs wave heights.

[,
A general description of these wave records appears inm Table I, The ro-

sults obtained whioh are of present interest are reoounted below,

The dashed curve in Figure 2 represents the msthematical distribution type
earlier found to provide a good fit to the estimated ocean surface wave-

height distributions., This model disitribution is tiie member of the famlly
of Geamma-type distributions with tho skewnsss coeffisient Ag x 40.8. It
may be compared with the dashed straight line oorresponding to the Rafleigh
distribution. There has also been drawa on this figure & full-line curve
representing the Garma~type distributlon having A g = 40.€, which is the

‘medjan valus for the tweniy~-one linear wavz Seoords examined in the present

study, and the %Hypioal value found earlis for wind-generated waves,
All thres distributions were ohosen to have the same mean and standard
deviation, so that their shapms, or types, ocould bs ocmpared. It is seen
that the previcus data show little avidenana for raeisating tha hynathesis
shat estimated surfuce swell heights follow a Rayleigh-type diatribution,
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Table I Descriptive data for Mark

III pressure reocords

Cali f)

] Mear
Record Wave Urdinate
| Identifi=- Depth Heifht Dispersion
cation Xocatkion b3 1Y Date Time = Ts
"\ [aa] ‘V\ ™ Cheart div. Chart div.
F Calif, 64 Bepte 23, 1948 15 15 - 15 36 9,13 4422
g 64 Sept. 23, 1948 2119 - 21 39 10,83 513
H 64 Qok. 3, 1948 22 20 - 22 40 9,04 4,10
I 84 Cote 4, 1948 04 18 - 04 38 11,59 5.43
J 64 t. 5, 1948 10 18 - 10 38 4,18 2,00
K 64 Ooct. 11, 1948 21 56 - 22 16 18,77 8467
L 64 Oot. 12, 1948 03 56 = 04 16 13.58 6. 66
M 64 Oote. 12, 1948 09 56 - 10 16 12,34 5.80
N 68 Nove. 28, 1947 23 0T - 23 27 18,42 8.28
0 64 Nove 4, 1948 16 48 - 17 11 2.44 10,47
P 64 Fov, 4, 1948 22 44 - 23 11 2l.43 9.52
Q 68 June 2, 1949 05 33 - 06 53 15.46 6.96
R 68 June 2, 19486 17 40 - 18 00 13.21 5091
S 68 June 2, 1949 23 42 - 24 02 15,10 6.73
T Hoceta Head 53 Sept. 8, 1947 16 04 - 16 24 4436 1,91
U Oregon 53 Deo. 30, 1947 16 16 - 16 40 1,78 1,03
v Guam, N.I. 60 Psb. 17, 1949 05 17 - 05 38 30,68 14,13
w o Feb, 18, 1949 G3 23 - 03 43 22.18 10.64
X 60 Peb. 18, 1949 20 37 - 20 58 17,04 7622
Y Pt. Arguello,| 83 July 22, 1949 2 00 - 22 22 7.16 3677
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The same earlisr investigution established the dependence of the wave-heighit
distribution on essentislly Just one paremeter. This could be talkaen as
alther the mean or the dispersion of the wave-height distribution, sincse it
wes found that these two parameters were quite rsguiarly irn the aversags
ratio G}DCM = 40463 = in olcse agrsement with the relastive dispersicn of

the Reyleigh distribution.

This agreement Letwsen estimated wave hoignts and snvelope, both in distri-
bution shape and parameter ratios, may be interpreted as evidense that ths
wave records studied were characterited by relatively narrow~band spectre.
The regularities 1n wave-~helght distributions cbsarved earlier were used to
explain the regular valuss of certain nearly-constant rat%oz bgt?ae§ zarious
wave-height statistics observed by other investigators(17),(19),(20),(22).
Jt is now soen that a more fundmmentel explanation of both types of regu-
larity is provided by the narrow-band envelope theory ocombined with the
Gaussien hypothesis for the wave-record ordinates.

4o Pressure Wave Ordinate Results

More direot verification of the theory pressnted above has besn possible,
Information abvout the distribution of ordinates on the pressure wave-record
ourve was obtained in January 1952, This distribution was found to be
oclosely related to the distribution of pressure wave heights,

For this investigation, the Wave=Ordinate IMstribution lnelyzer vrovdsed by
and construsted under the supsrvision of F,E. Sunodgrass was used. This
electronic equipment, described elsewhers(¥) in detail, receives as imput
the varylng voltage output of a pressure moter, or of a tape or other record-
ing of this voltage signals Mor t?e 3n?1§§is desoribed here, the twenty-
minute pressure records previously(12),(13) analyzed in a wave-wigs manner
were retracad by a human ourve~-follower, producing a replica of the original
varying=-voltage signal, containing, however, a relatively small amount cf
added "noise™ due to errors in tracing. The analyzer performed, in effect,
e sempling of the ordinates to the voltage ocurve svery C.l second, and by
means of ten recording counters set at arbitrarily-chosen volisge levels,
asoumilated the total mumber of scmpled ordinates below each of the given
levels,

In practics, the counter voltage levels are spased at nsarly equal intervals
ocovaring the entire range of ordinates, so that when each counter reading
is divided bythetotal number (approximately 12,000) of ordinates sampied,

a definitive set of points or the cumulative distribution ocurve for the

ordinates is obtained,

The empiriocal ordinate distribution funotions for the twenly-one records
made by the Mark III Pressure Meter (7) are plotted in Figure 3. In each
oass, the ordinate is an arbitrary differential pressure level measured

in ochart divisions and the absoissa is the persent of the sampled pressure-
reoord ordinates which do -not oxceed that level. It will bo seen that the
plotted pointe appear in ench case to lie on an approximately straight line.
Binos the abscissa scale in the figure has been taken to correspond to a
Gaussian probability distributicn %:;, the observed results indicate a
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Gauzaian distribution of pressure-record ordinates. Similar results for
wave records have besn reported by J.E. Meade using the distribution
densi lyzer at the Navel Reasearch Laborste and in the litera-
ture.aoﬁl 3.‘(165. -
Even with the Gaussian randcm process model desoribed above, the plotted
points in Figure I would not be expested to lie on stralight lines as long

63 the wave reoords were of finite lengthe A measure of the actual seampl-
ing fluctuation to be expected for the absoissa of any one point on thess
plots may be computed from the wave spsctrum or, equivalently, f'rom its
correlation fucotion. The amount of such fluotuation also depsnds upon

the temporal spacing betwsen oonsesutive ordinates sampled from the wave
reoord. Waen the corrslation function (or the spectrum) for the wave rec-
ord is also known, it is possible to asmsess the likelihood that the sampled
ordinates csome from a Gaussian distribution of ordinates. It may be noted
that the familiar chi-square test often used for ik:le purpose is based upon
independent observed random variables, i.e. in the prssent instance upon
ordinates from a wave record possessing a completely flat and broad spectrum.
Suoh a situation would not necessarily be expected +to hold, s.gz. for a sampl =
ing of zZv0=300 ordinates from & 20-30-minute pressure record for a typioal
oorrelation functicn indicating a moderately narrow spestrum oen’czreg' around
10-15 seconds, sven if the sampling is done in scme random manner{ll),

The result of the analysis of Wave Record "B™, made with the Mark V Thermo-
pils: Wavs Meter 1) s is shomm in Figure 4. The non-Gaussian charaoter of
the ordinete distrj(gsrbion for this wave reoord, which has been noted by
Birkhoff end Kotik\“/, is shared by Wave Records "A™, "C™, and "D", which
are the other three Mark V records among the original twenty~-five., Owing

to the non=-linear response of the Mark V instrument, the results are readily
interpreted as distortion of the Gausslian record whioh would have been ob=-
tained with the linear Mark III instrument. Of the four non-linear time
histories, only Wave Record "B™ was analyzed by the Wave Ordinate Distribution
Analyzer., For the other three, wiszual inspection alone was sufficient to
show corsidsrable positive skewness in the ordinate distributions, This
oharacteristic was also noted by Dr. Philip Rudniel, who in 1951 enmlyzed
Tevs Record "B" and several other reo rds ‘on the distribution analyzer at
the U.S. Naval Electronics Laboratory'l®),

In regard to the slight non-linearity of the Mark III data, no interpreta-
tion of the curvature to be seen in same of the plots in Figurs 3 has been

e e ka Ay dervenm R P nammacsa doarased dha Aawasds 4 - 1 vemre v A and naw-
pretes -1 MWk VUWlvVavuivy 44 UULNUATE UUmQGLU WO VIOUDvilg 4A3Ve WL wy A pua

sisting from foasrd to reocord, would bs oonsistent with an expeocted non- (12)
linea.rity(z)s 10 » in the wave records. However, on the records analyzed‘™
it is not generally known which is the direoticn toward the crest and which
38 that toward the trough. The magnitude of the depth, varying betwean &0
and 86 feet, at which the pressure records ‘were made is probably responsible
for there being no discernible relatior. between the slight degree of ourva-
ture in the plots in Mpgure 3 and eithsr mean wave height or depth cf resord-
1ng. :

The twenty-one plote in Pigwre ¥ not only provide evidence for the existenoce
of underlying Geussian -ordinate distributions, but the individual plots may
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also be used to estimate the parameters of these distributions. Various
general methods of estimating the ordinate dispersion T, and the ordinate
mean M, were employed, in order to investigate both the validity of the
envelope theory and the aocuraoy obtainable in rapid graphioal estimation
of these paremeters. Only two of these methcds, referred to as the mathods
of "direot oomputation™ and "graphical estimation™. are disoussed here and
in Section 6. Chief interest in the present investization was in the rsla=-
tion between the ordinate dispersion and the distribution of wave neightis.
For many purposes an estimate of the msan ordinate 'Mo ®ey be requirad, as
when measurements ere to be made from "atill-water level™, as assumed in
the theory.

The ordinate=distribution parameters for sach wave reocord wers computed
direotly from the statistiocal frequenoy distribufion composed cf finite-
width olasses defined by the counter levels and the counter readings.

This computation, to whioh & correction for the finite average class-
width was applied, 1s regarded, for purpcses of comparison with the theory,
a8 ylelding ths zost reliable estimates of o, and M, Whioh are taken
as standards for comparison with wave~height statistios and other subse-
quent estimetes of these distribution parameters. The direotly~computed
values of C, appear in Table I. Because the set of counter levels used
in analyzing the data rarely included the entire range of ordinates present
on the wave reoord, extension of the olmtses provided by the oownter levels
was made, This was done, 80 a3 to give ten clesses, by assuming that ezoh
end=olass required to enoompass ons-hundred percent of the ordinates would
have the same width as the olass adjacent to it.

The full lines appearing on Figure 3 represent Gaussian distributions,
their intersept and slope being in each oase the direotly=-computed mean
and standard deviation. The fit of saoh of the lines to the pressure
time~history ordinate data is seen to be reasonably good.

5. Pressure Ordinates and Wave Heights

As a sheok on the applioation of the narrow-band envelope theory to pressurs
roocords of ocean swell, the relation between the observed ordinste dimpsrsion
and nsan trough-ts=—orest wave helight wes examined. For this pwrpose, a wave
helght on the twenty-one pressure resords was oounted end measured between
eaoh minimum (trough) and the immediately following maximum (orest). The
mean value of these maximum~-minimum pressure diffsrexnces is referred to as
the mean wave haight Mge The computed velues of this quentity are shown in
Table I, 1Ihe relation betwsen My end the computsd value of & is shown in
M zure 5, together with the theoretical straight line for the mesn 2 /UR

of the douwble~envelope, whose e _Eation, obtained by doubling both members

o (2), s 2pp=z2 0, (77/23 o Agreement with this line would be ex~
peoted only, ofB oourse, 1f measurements were made on the true envelops of
ar infinite-length wave record satisfying the Gaussian process hypothesis,
b straight line fitted to the date is seen to bs approximately 15% below
the envelope line. The slope of the lsast-squares line through the origin
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shown in Figure © is, in fact, 0,850 times the slopes of the envelope lins.
This systematic deviation of the data is in ths expected direction, sinose
even the oxtremes on the wave-record curve cannot lie outside the envelope
ourve. The magnituds of the deviation would be expected to vary from one
wave record to another in accordsnoe with the relative bandwidth of the
speotrum. Present indioations are that & rough estimate of this spectral
oharacteristio will provide enough information to eliminate a large part
of the average disorepancy batween the points and the 1line in Figure 5.

Based on the present data, ‘the empiriocal relation betwesn mean wave height
and ordinate dispersicn beccmes

B - 2(0085) d.o (71—/2)% ase (6)

Substituting this empirioal relation for the relation (2), we may replscs
the ‘straight lines of Figure 1 by those in Figure 6, which shows the result-
ing semi~empirical set of wave-height distributions for variocus ordinate
dispersions. Given the ordinate dispersion O, the oorresponding line on
Flgure 6 represents the expeoted distribution of wave-=heights given by the
Rayleigh distribution whose parameters are obtained from the line fitted
to the data in Flgure &,

As regards the soatter of the points, the signifioant fact whioh F gure 5
illustrates is that the sample-length and spectral bandwidth of the pressure-
wavs rsccords aneliyzed wers of sultable magnitudes to oreate a felrly olose
relationship between the measured estimates of mean wave hsight ard ordin-
ate dispersion. In other words a knowledgs of the measured ordinate re.mes.
values (or the total spectral powsr) for these wave-record samples is essen-
tially equivalent to & knowledge of the measured mean wave height, within
6% over two-thirds of the time. For longer wave reoords it may be expeoted
that the peroent of soatter in Figure § will be reduoced. As has been s=29n,
the mean wave height essentially determines the dietributicn of sll wave
heightse Wiat the present study shows is that sampling fluotuamtions do not
geriocusly alter the effestive valldity of the theoratioanl reslationship whsa
20=minute pressure reoords are used,

The most important impliocation of this faot is that for such wave records,
4 wave-by-wave analysis for wave heights, a prooedure relatively diffioult
‘to mechanize, may be replaced by an ordinate analysis for < .. Since the
ordinate dispersion O, oan be oomputed as an r.m.s. value, $he latter task
may be sooomplished irn prinoiple by msans of a direot-reading sleotrioal
meter provided with a suffioiently long time-constant,

Under some oiroumstanses the measuremen of G, = [f(t)j 2 }i may be
laps oonvenient than that of.a, = [f(t)|, the mean absolute deviation of
the ordinates to the wave reoord (measured from the msan ordinete). REleo-
trical mcasuremsnt of ag is possible in prinociple by mesns ¢ & rectifying
ciroults Sinoe for e Gaussian distribution we have

U‘o - ‘O ('7"/2)*, ase (7)
the mean envelope height is given by the theoretical relation
MR =8 ( 11'/2)’ see (8)

P
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and the mean wave height by the empiriocal relatioan

P g = 2(086) a, (T7/2)

The s
(2;1r3?

8siwell

ords were taken,

Obviously, the relations developed here between various distribution

ling stability of the ratio
¢80, given by (7), is indicate

10,

ees (9)

lo/O" » Waose expected wvalus is
in the results published by

8) for wave reocords slightly less than six minutes in length.
The values wers reported to be within the limits 0,78 - 0.84, a range in
which & reduotion could be  expeotnd if twenty= or thirty-mirute wave reo-

parsmeters might be made the basis of & number of grapns similar to fig-
ures 1 and 6, showing the distribution of either the theoretiocal envelope
R(t) cr the wave heights (

ing parameters:

Ordinate

sparsion (

) for various values of any one of the follow-
0 .), ordinate mean absolute deviation

(a0)3s mean wave height (Mg), wavo-hoighg dispersion (JT'g), mean highest
one-third wave height (Hj/4); envelope mean (/“3). envelope dispersion

(¢ R) or envelope mean highest one-third (Rl )e Such graphs would be of
varying interest, depending upon whioh parameter was oonsidered as being
the basio measured one.

8inoce the most findamental parameter is the ordinate disversion a, (or the
total speotral power 0'02), we summarize in Table II the reletions between

the parameters by giving the ratio of eaoh to T4

The ratio of any other

pair of parameters may be found from these ratios by performing a single

division,.

The ratios in Table II may be used to replace the parameters

marked on the straight lines in Figures 1 and 6 by any other parameters,
oege Mps Hyfs, or age

7

Table II

Ratios of Various Distribution Parameters to Ordinate Dispersion

paranster I 8, I MR G-R RIA “}AB G-H KM
(2/m )2 (TT/2)% [(4-7?),2]} (of.pg. &) 1.7("/2)5‘ 1.7(1—1)5 L7[R1/3

(parameter)/ . | \2 o/
00798 1.253 0.666 1.114 | 3.408

In making use of these ratios it must of course be remembered that they de-
soribe theoretioal probability distributions, and oan only be expeoted to

approximate olosely the ocomputed statistios of an empirical frequency

distribution if the latter are based on & sufficiently long sequence of
data, 1.0., & suffioiently long wave reocord. The magnitude of the sampling

fluwotwmtions in cortain statistics for
indioated by results in previous repor

n ute wave reoords has been
Jaz):,(lsi,
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6. Simplified Estimation of Pressure Ordinate Dispersion

The near-rectilinearity of the plots in Pigure 3 makes possible for each
wave record & oonvenient graphical estimate of the mean ordinate M and
the root-mean-square (or stendard) deviation Ty from the mean ordinate.
The first is read dirgotly off the graph as ‘m intercept at the 50%-
point on & visually-fitted line. The second is taken s one-helf ths
differenoce between the intersspis at the 84.1% and 15,9% points, a measure
of the slope of the line,

The degree of associstion between the graphical estimate of T, and the
meax wave height is shown *n Figure 7. The graphiocal estimate of T Ob-
tained from the visually-fitted line on Gaussian probability paper appeava
to be equivalent; if multiplied by & sonstant, to the mean pressure=wave
smplitude within about 12¢ in nearly all ocases. In feot this graphical
method, oarried out before the direot-cowputation method was employed,
appears tn be almost as good as the latter, as can be seen by a ocomparison
of Figures- -5 and 7.

It is evident that for weove systems having ordinate distributions suffi-
olently olose to the Gaussisn type, the ocomplete setz of points shown on
Fgure 3 should not be neocessary for obtaining reasonably good estimates
of the slopes JTye For e¢xample, it might be possible to use two counters
set at ordim.te levels y, and y;, chosen in ascoordanoe with the expeoted
ordinate dispersion, 1.0. the average wave height to be encountered,

A two-counter analyzer might be suitable for field instellstions in whioh
either s stamped or a photogrephic record of cournter readings made at
regular intervals would be obtained &8s the only data,

To estimute the ordinate dispersion from Ywo oounter readings, one would,
as in Figure 3, plot the two- oomtor levels y,, y1 2geinst the two rehtive
oowmter readings, P(y,), P(yy), obtained by dividing the aotusl counter
readings by the toto.l sount % which might conveniently be made 12,500 or
20,000 Osl=second time wnits). These two points dstsrmins s unique line
on which & certain increment measured on the vertical soale is out off by
ﬂxe 60% and the 84.1% points. The quartity o', the dssired estimate of

s s this vertiocal inorement, whioch may ule be oanmputed numerioally
by oxpre!-in’ the slope of the line analytically ac = funation of y,, ¥i»
P(y,)s snd P(yy), and meking use of & teble of the Gaussien probability

funsticn or the arrar Amadion.

The latter procsdure was adopted for oomputing the estimates G !, whioh
are plottsd versus the direotly-oomputed T, in Figure 8. To obtain these
estimates for each wave record, y, snd y; were seleoted, as described below,
from the ten counter levels used in analyszing the data., It will be seen
that the estimate of ordinste dispersion obtained from the two-ccunter

datz is relatively olose %o that obtained using all ten cowmnters. Chly
onoe emong these waye records doss i+t differ by more than ten peroent,

snd over fowr=fifths of the time the relative difference waes less thzn

five peroent,

The estimation procédure may be further simplified by eliminating one of
the twe counters 1f y, oan be taken as the mean ordinate cr the ordinate
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ocorresponding to the sero differentisl-prszsure liavel, whcse location may
be pre-detsrmined for a given insitrument instaliation. If this is done,
thean P(y,) will s 0,50, and ozms of the two plotted points is fixed. The
losatica of the other point (yl, P(y;) ) determines the estimate, <",
whioh will be obteined,

Filgure 3 shows, for various counter levels y,; the curves giving the estim-
ated value O," 28 & funotion of the single counter reading P(y,) expressed
in peroext of tho total ocounts For example if the counter is set at 4 feet
and reads $4.3%, the estimate <" 1z 2.5 feet, From this valus it may slso
be inforred that, e.g., Hy/x is 2(0:85)(4.0) = 648 feet, etc. As explained
earlier, use may be made of the ratlo bsiween Ty ond =ny other parameter
of interest to make the vertioal sosle in Figure 5 diract-reading for that

paraneter = @¢ge Pro /AE, Hl /5, eto.

While the average wvalues of the estimates T, are indicated by Fizure 9,
the statistioal fluctuation of the estimates based on the ocne-sownter
analysis of a twenty-minute reocord may be visualized from Flgure 3. Thz
two dashed lines on the plots in Figure 2 have been drawa to ocorreapond
to the upper and lower 104 limits for the error in predioting o, from
individual pletted points when the msan ordinate A, is known. %he estim=-
ate of T cbtained in this way from any one point is within 310% of the
velus oamputed direotly frow all ten points if and only if that point lies
in the two narrow seotcrs between the twe dotted lines. It can be seen
that percentage errors are apt to be high for single poiunts which are
either too near the center of the distribution or else too far out on its
extremes. Thers are indioations +hat the most relieble estimates of U
are obtained when the ordinates y; and-y, sre chosen symmetrioally ebous
the mean at = distance of about le6 T e Thess positions in the Gaussiaz
distribuwbion of crdinates correspond to cownter s2ottings at the 93% and
the 7% points, respectively. The dotted wertioal iine in Mgure 9 allows
this eetting of y; to be read off direcotly for any given ordinate dispersion
Tos The oounter readings used for ths estimates T,' shown in Figure 8
were ohosen to be those most psarly at these vertioal levels.

Although O, is initially unknown, a relatively small amouxnt of preliminery
obaerveation would allow the oounter to be set for further observation nesar
the optimum level ¥#1¢8 ¢ o, or the 93% point, in terms of the oowter resd-
inge 7For a permanent installation yy 6owii vs sutamatiocally adjusted &%
intervals, if necessary. Mor example, the ocounter level may bs shifted
evory helf<heur to +1.6 times the provious estimate of Ty, thus keeping
spproximately in stop with the slow changes in the totel wave=-speotrum
poweres If sush shifés in yy were m23s from time to time to take sonount
o? chengling wave oonditions, it would be rnacessary, of oowrss, to raoord
9a0h new level yj.

In the absenoce of self-adjusting soveter levels, one or two fixed levals
oould be chosen as often as feazible in acoordanoce with the expeoted values
of G, Zfor the wive oonditions of interest most likely to ocoour over an
observation interval of, pexhaps, days or weeks. In this ocase & knowledge
o the weve olimets for the plane and sesson of installation could be used
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as & basis for seleoting the fixed ordinate levels, This type of wave-
olimate information should be awvailable after sufficient data taken in this
way at the installation site has acouvmulated, In making use of suoh informa-
tion a compromise would be found necessary between (1) the loss of socursoy
for high wave reoords when the oounter level is ohosen too low, and (2) the
loss of nearly all information from low wave reoords when the ocounter level
i1s ohcsen too high.

As an example of the application of the fixsd-level prooedure to a given
wave-moter installation, the following hypothatioal aituation may be
imagined., Suppose that the twenty-one wave records E, F, ..., Y had been
obtained at a single location (instead of four) over a single season of

the year (instead of all seasons). If this data were considered as histori-
oal wave-climate data for suoh an installation, the antioipated average valueo
of G, would be approximately 6.0 ohart divisions above the mean. The low
wave reoords show, however, that unless the counter level is made as low as
about 4.0 units above the mean, no information, sxoept an upper limit to the
ordinate distribution, would be obtained in some cases.

A rough, probably oonservative, test of this one-counter, fixed-level method
of estimating T, was oonduoted by choosing the level y; to be the lsvel of
the oownter which, in the original analysis of the present data, was set
nearest to 4.0 ohart divisions above the mean. As a result, for either

(1) low weves sush as in Wave Reoord "U® or (2) high waves such as in Wave
Record "V®, the point ohosen is far fram the 93% level, and the estimated
slope, O.", is subjeot to relatively large errors. These will result from
either (1’ division by a small number or %;) multiplioation by a relatively
wmstable observed valus far out in the tail of the ordinate distribution.

Froam the counter levels shown in Pigure 3 it may be seen that most of the
points, the distance of whose ordinate above the mean is nearest 4.0 ohart
divisions, would fall within a #10% error band. Te values of the estimate,

Ju"s Were oomputed analytically and plotted in Figure 10 against the wvalues
of ¥, already oomputed by using the data from all ten oowmters. The two
outer lines in the figure indicate the 5K error limits.

The advantage' of an approximate knowledge of the 93% ordinate level is
shown by a comparison of the estimates plotted iu Figure 10 with those
plotted in Mgure 1l. The latier catimaties u‘o”' wors vassd on e kuswi-
edge of the mean-ordinate level and were obtained from the reading of the
oounter nearest the 95% level (i.e. one of the oounters used in oomputing
the two~ocounter estimate of the ordinate dispersion).

Mzures 8, 10 and 11 indiocate that satisfaobory estimation of the r.m.s.

value (and hence mean wave height, eto.) of a wave reoord may be aohieved

by the use of only cne or two ordinate cownters. Swh a routine estimation

should provide useful information about; wave resords, if used over a suit-

able length of ¢ime in & number of installations. If a sequence of

estimates o " were made, say, at ons-half howr intervals, the results

wou’d be to soms extent self-checking, in that values differeing markedly

from the general trend could bs interpreted as havirg been overly influenoed

by rardom faotors. Thus significant trends in O, reflecting 100-200% :
ohanges in wave energy would not be readily obsowred by an oocasional :
random 10X change observed in I ". ;l
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CONCLUSIONS

Ocean-wave reoord ordinates are found to have approximately the follow-

ing properties of a narrow-speotrum Gaussiar randwua process: (1) Pressure
wave-reoord ordinates follow closely the Caussian distribution. (2) Estim-
ated surfuoe wave heights follow olosely the Raylsigh distribution. (3) Bstk-
inmated surface wave-height distribution parameters are related to cne another
in the same way as are those of the Reyleigh distribution, all bsing olcsely
oroportional to the pressure ordinate dispersion C,. (4) Pressure wave-
hoight mean and pressure wave-ordinats dispersion are olosely proportionals.

For pressure wave reoords, wave-height mean is found to be approximately
1.7¢ (77/2)% times wave-ordinate dispersion. Graphical estimation of wave-
ordinate dispersion is found to be.a reasonably acourate method of esiimet-
ing wave-height mean for twenty-minute pressure records of ocean swell,

A fixed suitadbly-situated,single point on the ordinate distridbution ourve
is fonnd to yleld a reasonably eoourate estimate of ordinate dispersion if
the "s%#ill-water level™ is known, while the use of one or two varialle
pcints gives improved results.

A systematio program of ocean-wave measurement utiliiing these simplified
forms of the Wave-Ordinate Distribution Analyzer may be expeoted to provide
use 2zl contimuous wave-height information in immediately-availeble form.
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